Abstract-Lift-off variation causes errors in eddy current measurement of nonmagnetic plates as well as magnetic plates. For nonmagnetic plates, previous work has been carried out to address the issue. In this paper, we follow a similar strategy, but try to reduce the lift-off effect on another index-zerocrossing frequency for magnetic plates. This modified index, termed as the compensated zero-crossing frequency, can be obtained from the measured multifrequency inductance spectral data using the algorithm we developed in this paper. Since the zero-crossing frequency can be compensated, the permeability of magnetic plates can finally be predicted by deriving the relation between the permeability and zero-crossing frequency from Dodd and Deeds method. We have derived the method through mathematical manipulation and verified it by both simulation and experimental data. The permeability error caused by liftoff can be reduced within 7.5%.
explored. Other colleagues in the field have also explored multifrequency non-destructive testing (NDT) for crack and defect detection [22] [23] [24] [25] . In a recent paper [26] , a new algorithm was proposed to compensate the lift-off effect for the nonmagnetic plate. Most of the aforementioned works are for nonmagnetic materials or use relatively simple phase features for magnetic plates. A feature called zero-crossing frequency, which is relatively robust to liftoff variation, was proposed by Zhu et. al. [27] , [28] , [29] and Peyton et. al. [30] for testing magnetic plates with applications in steel rolling production and rail inspection.
In this paper, we further extend the findings in [26] [27] [28] [29] [30] and consider a simple coil configuration (one transmitter and one co-axial receiver), but compensate the change of the zero-crossing frequency due to liftoff by exploiting a sophisticated algorithm which uses two fundamental facts. First, the zero-crossing frequency of the inductance spectral signal decreases with increased liftoff, and second, the overall magnitude of the signal decreases with increased liftoff. Since the relation between zero-crossing frequency and permeability was established previously as shown in [20] , the compensated permeability is also independent of liftoff. Theoretical derivation, numerical simulation, and experiments show that both the compensated zero-crossing frequency and predicted permeability are nearly liftoff independent.
II. SENSOR DESCRIPTION The sensor is composed of two coaxially arranged coils, one as the transmitter and the other as the receiver, both of which have the same dimensions. A schematic plot of the sensor is shown in Fig. 1 , with its dimensions in Table I . The design of this sensor is such that both the measurements and the analytical solution of Dodd and Deeds are accessible. Fig. 2 . Experimental wiring schematic. Illustrate how the sensor and instrument (Impedance Analyser SL 1260) were connected during the experiment process [26] . 
III. ZERO-CROSSING FREQUENCY FEATURE
The behavior of the sensor system depends on the material's properties such as permeability under the inspection. In nonmagnetic and conductive materials, eddy currents are the main effect. However, the magnetic field produced by a multifrequency sensor acts on a magnetic plate in two ways [35] . First, it tends to magnetize the magnetic plate, which increases the coil system inductance. Second, the alternating current magnetic field also induces eddy currents in the magnetic plate, which tend to oppose the background or original driving current and reduce the coil system inductance. At lower frequencies, magnetization dominates and the L as a result of the magnetic plate is positive. As the frequency is increased, the effects of eddy currents become more dominant and the L decreases, at some point becoming negative, and eventually approaching a constant value at high frequencies. When the two effects are in balance there is a zero-crossing point frequency (i.e., the frequency at which the Re( L) is zero). And normalized diagrams of L − f for the sensor above nonmagnetic and magnetic materials were explored previously in [19] and are in Figs. 3 and 4 . Here, L denotes the mutual inductance changes between transmitter and receiver for different frequencies.
The physical meaning of zero-crossing frequency can also be interpreted in term of power transfer.
As can be seen from Fig. 4 , the real part of the inductance shifts up as the relative permeability increases from 1 (nonmagnetic material). The relation between the impedance and inductance of the sensor is Z = R + j wL (Here, the dc (direct current) resistance of coils is R which is a constant value and is not considered for alternating current (ac) calculations) [7] , [16] , [20] . In addition, only the change in impedance is considered in this paper, which is not affected by R. Therefore, the real part of the inductance is in direct proportion to the imaginary part of the impedance, which is associated with system inductive energy storage. And the imaginary part of the inductance is proportional to the real part of the impedance, which can be physically explained as system resistance loss (or dissipative part). Therefore, the capability of the system storing inductive energy increases as the relative permeability. Due to the fact that eddy currents reduce inductive energy storage in the sensor, therefore there exists a "zero" point where the system stores the same energy as it is in air.
IV. THEORETICAL DERIVATION OF THE PREDICTED PERMEABILITY
Previously, we have observed that the zero-crossing frequency decreases with increased liftoff [7] , [26] . It is also common knowledge that the signal amplitude also decreases with increased liftoff. Therefore, we hypothesize that an algorithm can be developed to compensate the variation in the zero-crossing frequency with the signal amplitude. In the following, we will derive such an algorithm. Some of the derivations are common to the nonmagnetic plate case [26] , but for completeness, derivation process is provided in the appendix and main steps are summarized in Fig. 5 . Where ω 0 is the zero-crossing frequency, l 0 is the liftoff of the sensor, L is the measured inductance changes, and u r is the material permeability.
Through mathematic manipulation, the compensated zerocrossing frequency can be obtained
where L m denotes the magnitude of the inductance change with start point frequency (any frequency within the range of 1-10 Hz as shown in Fig. 6 ) or high frequency (1 MHz in Fig. 6 when the real part of inductance change is almost stable with frequency) under the lowest liftoff. (Here, the lowest liftoff is 0.8 mm in this paper.) While L 0 denotes magnitude of the inductance change under the current unknown liftoff, ω 1 denotes the measured zero-crossing frequency.
Since the relation between permeability and zero-crossing frequency is introduced in the appendix, the permeability can be predicted in the following equation:
It can be seen in (6) that through a compensation scheme and using the knowledge of the permeability and the amplitude at a certain liftoff, the original permeability (permeability prior to introducing the liftoff l 0 ) can be recovered.
V. SIMULATIONS AND EXPERIMENTS
Experiments and simulations were carried out to verify the performance of the compensation algorithm; the predicted permeability at different liftoffs was compared. Here, the real part of the inductance is defined from the mutual impedance of the transmitter and the receiver coils
where Z ( f ) denotes the impedance of the coil with the presence of a metallic plate while Z air ( f ) is that of the coil in air. 
A. Simulations
The sensor configuration used in simulations based on the Dodd and Deeds method is shown in Fig. 1 (20)- (22) in the appendix. The solver can take a range of different parameters such as frequency, sample conductivity, permeability, and liftoff. In addition, the solver has been converted and packaged to an executable program.
B. Experimental Setup
For the experimental setup, the metal plate used is composed of mixed ferrite and austenite.
The permeability of the plate (u r = 125.2) was obtained by fitting the inductance-frequency curve measured by a commercial impedance analyzer and a well characterized cylindrical sensor to that simulated using the Dodd and Deeds method.
During the fitting, we did not find significant effect due to frequency dependent and complex-valued permeability. Of course, if materials do show frequency dependent and complexed value, then we need to take this into account, for example as in paper < Frequency-dependence of relative permeability in steel > by Bowler [34] . The sensor configuration is the same as that used in simulations. And the multifrequency response of the sensor was obtained by a SL 1260 impedance analyzer with frequency sweeping mode. The frequency range of measurements is from 210 Hz to 1 MHz with 40 equally distributed samples in each decade step. SL 1260 impedance analyzer is currently the most powerful, accurate, and flexible frequency response analyser produced by SOLARTRON.
C. Results
It can be seen from Fig. 6 that the zero-crossing frequency decreases as liftoff increases. And at the same time, the magnitude of the signal decreases with increased liftoffs. The singularity points measured under low frequency are caused by the noise of SL 1260 impedance analyzer. In addition, the measured results deviate away from the simulated ones for frequencies higher than 500 kHz, which is due to the resonant phenomenon of the coil. (Its resonance frequency is about 2 MHz.)
As can be seen from Fig. 7 , the changes ratio of L 0 / L m decreases as liftoff increases, which can be used to compensate the drop in zero-crossing frequency with rising liftoffs. Where L m denotes the magnitude of the inductance change with start point frequency (any frequency within the range of 1-10 Hz as shown in Fig. 6 ) or high frequency. (1 MHz in Fig. 6 when the real part of inductance change is almost stable with frequency.) under the lowest liftoff (Here, the lowest liftoff is 0.8 mm in this paper.)
As can be seen from Fig. 8 , the compensated zero-crossing frequency decreases slightly with initially increasing liftoff but remains almost constant for larger liftoffs, i.e., compensated zero-crossing frequency is virtually immune to lift-off variations for larger liftoffs. Both the compensated zero-crossing frequency and the zero-crossing frequency as measured for larger liftoffs are still lower than that for zero liftoff. Since the relative permeability is estimated according to (23) in the appendix, i.e., proportional to the zero-crossing frequency, the estimated relative permeability is smaller than the actual relative permeability. As can be seen from Table II, the estimated relative permeability calculated from the compensated zero-crossing frequency is much closer to the actual permeability than that without compensation.
VI. CONCLUSION
This paper has proposed a compensation scheme for reducing the errors due to liftoff in estimating both the permeability and zero-crossing frequency from multifrequency eddy current measurements for magnetic plates. Previously, the zerocrossing frequency feature has been proven useful in predicting permeability and inferring steel microstructures. Based on the observation that the zero-crossing frequency decreases as liftoff increases and that the signal amplitude decreases with the increase of liftoff, an algorithm has been developed, which can compensate this variation in zero-crossing frequency and produce an index that is linked to relative permeability that can also virtually be independent of liftoff. Both the simulation and experimental results verified this. This is an important feature as lift-off variation is unavoidable in many practical applications.
A SL1260 impedance analyzer working in a swept frequency mode was used to acquire the multifrequency data in this paper. However, multifrequency impedances can also be abstracted simultaneously using composite multisine waveform excitation as in [23] or [34] , which may improve the acquisition speed and calculation burden.
APPENDIX
The Dodd and Deeds analytical solution describe the inductance change of an air-core coil caused by a layer of the metallic plate for both nonmagnetic and magnetic cases [21] . Another similar formula exists [22] 
, where the coil inductance above a plate is L(ω), and L A (ω) is the inductance in free space.
The formulas of Dodd and Deeds are
where
where μ 0 denotes the permeability of free space. μ r denotes the relative permeability of plate. N denotes the number of turns in the coil; r 1 and r 2 denote the inner and outer radii of the coil; while l 0 and h denote the liftoff and the height of the coil, g denote the gap between the exciting coil and receiver coil.
Equations (1)- (10) can be approximated based on the fact that φ(α) varies slowly with α compared to the rest of the integrand, which reaches its maximum at a characteristic spatial frequency α 0 . The approximation is to evaluate φ(α) at α 0 and take it outside of the integral
Neglect 1/μ 2 r in the following equation:
Note that in (11), the sensor phase signature is solely determined by φ(α 0 ), which includes conductivity, permeability and α 0 . L 0 is the overall magnitude of the signal, which is strongly dependent on the coil geometrical parameters but independent of electromagnetic properties of the plate
Equation (13) can be expressed as
In (11), as the real part of φ(α 0 ) equals zero when ω = ω 1 and φ(α 0 ) determines the phase of L 0 , it can be seen that the zero-crossing frequency for the first order system is approximately ω 1 , and from (10) it is concluded that the zerocrossing frequency increases with α 0 . Suppose a lift-off variation of l 0 is introduced, from (10), we can see that an increase of l 0 in liftoff is equivalent to multiplying a factor e −2αl 0
Due to the fact that L 0 = K (P 2 (α)/α 6 )A(α)dα reaches its maximum at α 0 and that the squared Bessel term P 2 (α) is the main contributor, a simple function sin 2 ((απ /2α 0 )) with its maximum at α 0 is used to approx-
where L m denotes the magnitude of the inductance change with start point frequency (any frequency within the range of 1-10 Hz as shown in Fig. 6 ) or high frequency (1 MHz in Fig. 6 when the real part of inductance change is almost stable with frequency) when the lift-off is zero. While L 0 denotes magnitude of the inductance change under the current unknown liftoff. The approximation is appropriate in this context as the area covered by the Bessel terms and the Sine term are within 5% and it made the derivation of an analytical algorithm possible, as shown in Fig. 9 [26] . Equation (17) is then applied to obtain an analytical solution for α 0 .
The shift in α 0 due to the effect of liftoff can be predicted as follows.
The new α should maximize e −2αl 0 sin 2 (απ /2α 0 ) and therefore e −αl 0 sin(απ /2α 0 ).
The maximum can be obtained by finding the stationary point for e −αl 0 sin(απ /2α 0 ).
And through some mathematical manipulations, a new equation can be obtained απ
With small lift-off variation, α 0 l 0 << 1 holds, the right side can be approximated as (π/2) − (2α 0 l 0 /π).
Therefore, the revised α 0r is
Combining (10) with (14), ω 1 becomes
Combining (17) with (14) , L 0 becomes
Considering α 0 l 0 << 1 and based on small-angle approxi-
Taking natural logarithmic operation of both sides, we arrive at
And further
This is now a quadratic equation with α 0 l 0 as its variable. Therefore, the solution for α 0 l 0 is
The other solution α 0 l 0 = π 2 + (π 4 + 4π 2 ln( L 0 / L m )) 1/2 /4 does not satisfy the small lift-off condition α 0 l 0 << 1 and therefore are discarded.
From (18) , liftoff can be estimated as
Combining (15) with (19) , the zero-crossing frequency with a liftoff of l 0 becomes
Equation (20) becomes a quadratic equation with an unknown α 0
And the solution is
Therefore, the original zero-crossing frequency (zerocrossing frequency prior to introducing the liftoff l 0 ) can be obtained by combining (10) with (21) 
So the relative permeability reduces to
It can be seen in (22) that through a compensation scheme and using the knowledge of the zero-crossing frequency and the amplitude at a certain liftoff, the original zero-crossing frequency (zero-crossing frequency prior to introducing the liftoff l 0 ) can be recovered.
